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Quark-Hadron Phase Transition in DGP Brane Gravity
with Bulk Scalar Field
T. Golanbari1,a • A. Mohammadi2,b •
Z. Ossoulian3,a • Kh. Saaidi4,a
Abstract ADGP brane-world framework is picked out
to study quark-hadron phase transition problem. The
model also includes a bulk scalar field in agreement with
string theory prediction. The work is performed using
two formalisms as: smooth crossover approach and first
order approach, and the results are plotted for both
branches of DGP model. General behavior of tempera-
ture is the same in these two approaches and it decrease
with increasing time and expanding Universe. Phase
transition occurs at about micro-second after the big
bang. The results show that transition time depends
on brane tension value in which larger brane tension
comes to earlier transition time.
Keywords Quark-Hadron Phase transition, Brane-
World
PACS 04.50.-h, 25.75.Nq, 12.38.Mh
1 Introduction
Recently, brane-world cosmology has attracted a huge
attention. The model, which is inspired from string/M
theory, was introduced by Randall and Sundrum in
1999 (Randall and Sundrum 1999a,b). Based on this
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picture, the Universe is a four-dimensional hypersur-
face (the brane) which is embedded in five-dimensional
space-time (the bulk). All standard matters and their
interactions are confined on the brane, and only gravity
could propagate along fifth dimension. This new pic-
ture of the Universe brings cosmologists some attractive
opportunities to overcome their problems. Field equa-
tions and the evolution equations related to this model
are derived in (Binetruy et al. 2000a,b; Shiromizu et al.
2000). It is shown that the equations contain some cor-
rection terms with respect to their corresponding equa-
tion in standard four-dimension cosmology. The main
correction term is quadratic of energy density which de-
scribes a completely different behavior for the Universe
in high energy regime. On the other hand, in low energy
regime, the quadratic term could be ignored against
to the linear term of energy density and comes back
to standard form. In 2000, another model of brane-
world was proposed by Dvali, Gabadadze and Por-
rati which is known as DGP brane-world (Dvali et al.
2000). In this model, the brane is embedded in five-
dimension Minkowski space-time with infinite extra di-
mension. The main difference of DGP model with RS
model is the presence of Einstein-Hilbert term in brane
action which is known as a quantum correction due
to coupling of confined brane matter to bulk gravity
(Dick 2001a,b; Dvali et al. 2002; Deffayet et al. 2002).
Recovery of standard cosmology is somewhat differ-
ent with respect to RS model. The standard cosmol-
ogy is recovered in small length scale and for large
length scale we encounter modified equation with new
behavior for the Universe. This length scale is com-
pared with predicted crossover scale of the model. Cos-
mological consequences of the model have been stud-
ied in (Deffayet 2001) which display a self-accelerating
solution for the Universe (refer to (Dvali et al. 2002;
Deffayet et al. 2002) for other studies in DGP model
and (Lue 2006) for a review). Additionally, it is well-
2known that the DGP model is divided to two branches
related to the value of ǫ parameter which appears in
the Friedmann equation (ǫ = +1 or ǫ = −1). In brief
and for original model of DGP, these two branches can
be explained as bellow:
• ǫ = +1: The late time behavior of this case is
different. Friedmann equation never goes to five-
dimensions regime, and if we assume that the energy
density decreases with increasing time, the model
describes an inflationary solution. Then, ǫ = +1
branch is able to give a quintessence-like scenario.
This branch of the DGP model is known as self-
accelerating branch (Dick 2001a,b).
• ǫ = −1: In late time, under some conditions, the
Friedmann equation could describe a fully five-
dimensions regime and have a transition from four-
dimensions regime to five-dimensions regime. This
branch of the DGP model is known as normal branch
(Dick 2001a,b).
Between these two branches, the self-accelerating branch
undergoes a ghost instability problem. It seems that
this problem appears in quantum level.
There is another interesting models in standard cos-
mology, known as scalar field models, which leads to
some attractive consequences. The problem of scalar
field in brane-world cosmology received huge interest
as well. According to string theory suggestion, it is
possible to have a scalar field in the bulk which is free
to propagate in extra dimension. Therefore, it seems
more consistence to have a bulk scalar field instead of
the brane scalar field.
On the other hand, according to the standard
model of cosmology, as the Universe expanded and
cooled it passed through a series of symmetry-breaking
phase transitions which might have generated topo-
logical defects (Risi et al. 2008). This early Uni-
verse phase transition could have been of first, sec-
ond, or higher order, and it has been studied in de-
tail for over three decades (Olive 1981; Suhonen 1982;
Crawford and Schramm 1982; Kolb and Turner 1982;
Schramm and Olive 1984a,b; Gorenstein et al. 1981,
1982); the possibility of no phase transition was consid-
ered in Ref.(Gorenstein et al. 1998, 2005; Zakout et al.
2007; Zakout and Greiner 2008; Bessa et al. 2009).
The phase transition has been considered in stan-
dard cosmology by using both first order formal-
ism and crossover formalism (Ignatius et al. 1994a,b;
Kurki-Suonio and Laine 1995; Christiansen and Madsen
1996; Kurki-Suonio and Laine 1996; Rezzolla et al. 1995;
Rezzolla and Miller 1996; Rezzolla 1996b,a; Davis and Lilley
2000; Kim et al. 2001; Ignatius and Schwarz 2001)
with viscosity effect (Tawfik 2011; Tawfik et al. 2010b,
2011; Tawfik and Harko 2012; Tawfik et al. 2010a) that
causes a kind of non-conservation relation. Further-
more, the first order and the crossover approaches
were studied in the brane-world (Risi et al. 2008;
Heydari-Fard and Sepangi 2009), DGP brane-world
(Atazadeh et al. 2012), and in Brans-Dicke models of
brane-world gravity (Atazadeh et al. 2011) without any
bulk-brane energy transfer.
In the present work, we are going to study the prob-
lem of quark-hadron phase transition in early time of
the Universe evolution in the DGP brane-world model
including bulk scalar field. Difference of Friedmann
equation certainly leads to new results about the time
of transition, with attention to this fact that presence
of bulk scalar field in this model is more consistence
with string theory prediction. The problem of phase
transition will be considered in two formalisms. In the
first formalism, we take smooth crossover approach and
study the temperature evolution in high and low tem-
perature regimes. In second case, first order phase tran-
sition formalism is taken, and temperature evolution is
investigated before, during and after phase transition.
Above topics will be studied for both branches of the
DGP model. Due to ghost instability problem of self-
accelerating branch, it might sound that investigation
of the phase transition in ǫ = +1 is unnecessary. How-
ever, it should be mentioned that this problem appears
at the quantum level, where the theory of gravity seems
unclear in general as well. Therefore, it is thought
that this is so soon to abandon the self-accelerating
branch. Also, there are so many other works which
they have studied different feature of self-accelerating
branch, which it means that this branch still has scien-
tists interests. First, phase transition will be considered
for self-accelerating branch. It is trying to clearly ex-
plain every step of the work. The main equations and
processes of the work, are expressed generally which
could be used for both branches and only different is in
the value of ǫ. In second stage, phase transition will be
studied for normal branch. Since the general equations
have already derived, it is preferred to ignored the de-
tail, and the results are discussed.
This paper is organized as follows: In Sec. 2, we
introduce the model and derive the main equations.
We study quark-hadron phase transition in high and
low temperature regimes in our model using smooth
crossover approach; and we review the first-order phase
transition and consider it in our model toward investi-
gate of temperature evolution before, during and after
phase transition for ǫ = 1 in Sec. 3, and for ǫ = −1 in
3Sec. 4 and Sec. 5 summarizes our results and compares
with the previous results of other works.
2 Field Equation of Brane
In such a model, the action commonly contains two
main parts as bulk and brane action
S = Sbulk + Sbrane. (1)
The bulk action is defined as
Sbulk =
∫
M
d5X
√
−(5)g
[
1
2κ25
(5)R + (5)LB
]
, (2)
where (5)LB indicates the matter of bulk. It is as-
sumed that the bulk is filled by two components, as
cosmological constant Λ, and scalar field φ; given by
(5)LB = −1/2nablaAφ∇Aφ − V (φ) − Λ. (5)R is five-
dimensional Ricci scalar related to five-dimensional
metric (5)gAB. κ
2
5 is related to five-dimensional Planck
mass by κ25 = 8πG5 = M
−3
5 , where G5 is the five-
dimensional Newtonian gravitational constant. The
bulk is filled by two component as cosmological con-
stant Λ and scalar field φ.
Additionally, the action of the brane is described as
following
Sbrane =
∫
M
d4x
√−g
[
[K˜] + Lbrane(gαβ , ψ)
]
, (3)
where K˜ = [K]/
√−gκ25; and [K] is exterior curva-
ture on each side of brane and is known as Gibbons-
Hawking term. Lbrane is general form of brane matter
Lagrangian. gµν is induced metric on brane defining by
gµν = δ
A
µδ
B
ν
(5)gAB. Taking variation of action with
respect to five-dimensional metric leads one to the five-
dimension Einstein field equations
(5)GAB =
[
(5)TAB + τAB δ(y)
]
. (4)
(5)TAB indicates the total bulk energy momentum ten-
sor and are defined as
(5)TAB ≡ −2 δ
(5)LB
δ(5)gAB
+ (5)gAB
(5)LB =
(5)T
(φ)
AB+
(5)T
(Λ)
AB .
(5)
Note that in above relations we set κ5 = 1, and we use
this convention for the rest of this work. Each compo-
nent of the bulk energy-momentum tensor is derived as
(5)T
(φ)
AB = ∇Aφ∇Bφ−gAB
(1
2
gCD∇Cφ∇Dφ+V (φ)
)
, (6)
(5)T
(Λ)
AB = −ΛgAB. (7)
The effective energy-momentum tensor of brane in the
field equations (4) is denoted by τµν , which is illustrated
as
τµν ≡ −2δLbrane
δgµν
+ gµνLbrane. (8)
Following (Maeda et al. 2003), the effective field
equations of the brane are resulted as
Gµν =
2
3
[
gµν
(
(5)TRS n
RnS − 1
4
(5)T
)
+ (5)TRS g
R
µg
S
ν
]
+ κ45πµν − Eµν , (9)
where nA is unit normal vector, and πµν is expressed
by
πµν = −1
4
τµατ
α
ν +
1
12
ττµν +
1
8
gµνταβτ
αβ − 1
24
gµντ
2
(10)
Above relation contains quadratic term of energy-
momentum tensor. Consequently, it produces quadratic
term of energy density, which is the main difference
of brane world scenario with standard four dimension
model. Eµν is another modified term of the field equa-
tions Eq. (9), which is picture of bulk Weyl tensor on
brane including some informations about bulk gravita-
tion
Eµν =
(5)CMRNS n
MnNgRµ g
S
ν . (11)
Scalar field equation of motion is another dynamical
equation of the model obtained by taking variation of
the action with respect to scalar field
(5)
✷φ = V ′(φ), (12)
where (5)✷ indicates five-dimensional D’Alambert, and
prime denotes derivative with respect to scalar field.
2.1 DGP brane world scenario
The interaction between matter on the brane and the
bulk gravity produces some quantum correction on the
brane, resulted in induced gravity on brane. Based on
Dvali, Gabadadze and Porrati, this quantum correc-
tion appears as Ricci scalar in brane action(Dvali et al.
2000)
Lbrane =
1
2µ2
R− λ+ Lm. (13)
4where µ2 = M−24 , and M4 is four-dimensional Planck
mass. Note that, it is a generalized version of original
DGP model; obtained by taking λ = Λ = 0. Then, the
effective brane energy-momentum tensor is derived
τµν = −λδµν + T µν − µ−2Gµν . (14)
Using Eq. (14), one can find out the effective field equa-
tions of brane(
1 +
λ
6µ2
)
Gµν = −Λ4gµν +
[
π(T )µν + µ
−4π(G)µν
]
(15)
+
λ
6
Tµν + µ
2T˜µν +
1
µ2
Gµν − Eµν ,
where
Λ4 =
1
2
[
Λ +
1
6
λ2
]
(16)
π(T )µν = +
1
4
TµαT
α
ν +
1
12
TTµν +
1
8
gµνTαβT
αβ
− 1
24
gµνT
2, (17)
π(G)µν = −
1
4
GµαG
α
ν +
1
12
GGµν +
1
8
gµνGαβG
αβ
− 1
24
gµνG
2 (18)
Gµν = 1
4
(
Gµρτ
ρ
ν + τµρG
ρ
ν
)− 1
12
(
τGµν +Gτµν
)
− qµν
2
(
Gαβτ
αβ − 1
3
Gτ
)
(19)
Λ4 is the effective cosmological constant of the brane,
which same as RS-II model could be taken as zero. T˜µν
is the bulk scalar field energy-momentum tensor, which
depicts the effect of the bulk on the brane evolution.
This tensor is expressed by
T˜µν =
lDGP
3
(
4φ,µφ,ν +
[3
2
(φ,5)
2 − 5
2
gαβφ,αφ,β
− 3V (φ)
]
gµν
)
,(20)
where lDGP = κ
2
5/2µ
2 is the crossover length scale be-
tween the 4D and 5D regimes in the DGP brane model.
The conservation equation is given by
DνTµν = 0 =⇒ ρ˙+ 3H(ρ+ p) = 0, (21)
where D indicates covariant derivative with respect to
gµν metric.
2.2 Evolution Equation
The (0-0)-component of field equations is(
1 +
λ
6µ2
)
G00 = −Λ4g00 +
[
π
(T )
00 + µ
−4π
(G)
00
]
+ µ2T˜00 +
λ
6
T00
+
G00
µ2
− E00. (22)
Following (Randall and Sundrum 1999a), and for
simplicity, the four-dimensional cosmological constant
is taken zero. The spatially flat FLRW metric is picked
out in the rest of the work
ds2 = −dt2 + a2(t)δijdxidxj + dy2. (23)
Substituting the metric in Eqs. (17), (18), (19) and (20)
leads one to
T˜00 = ρB = lDGP
(
φ˙2/2 + V (φ)
)
(24)
π
(T )
00 =
ρ2
12
(25)
π
(G)
00 =
1
12
G00G
00 (26)
G00 = −1
6
ρG00 (27)
where G00 = 3H
2. To derive Eq. (24), we impose a
boundary condition as ∂yφ|y=0 = 0 (Himemoto and Sasaki
2001; ul Haq Ansari and Suresh 2007; Himemoto and Sasaki
2003). Utilizing the above expressions, the dynamical
equation of the model is read from Eq. (22)
− 3
4µ4
H4 + 3
(
1 +
1
6µ2
(ρ+ λ)
)
H2
− µ2ρB − λ
6
ρ− 1
12
ρ2 +
ζ
a4
= 0. (28)
Rearranging Eq.(28), the modified Friedmann equation
is derived
H2
2µ4
=

χ+ ǫ
√√√√χ2 − 1
3µ4
[
µ2ρB +
λ
6
ρ
(
1 +
ρ
2λ
)]  (29)
where χ = (1 + (ρ+ λ)/6µ2), and ǫ = ±1. It should be
noted that the contribution of dark radiation has been
ignored finding above relation.
To consider phase transition, we need to know the
function of scalar field. The exact form of scalar field
is derived by solving Eq. (12); although finding the so-
lution encounter with difficulty. However, one can ap-
ply some appropriate assumptions to derive scalar field.
Based on inflationary scenario, scalar field potential
5dominates the universe and a quasi-de Sitter expan-
sion occurs, while scalar field moves very slowly to the
minimum of its potential. After inflation, scalar field
begin to oscillate in minimum of potential, and other
standard particle could be produced. Therefore, one
can conclude that, the potential of scalar field could
be ignored after inflation and reheating era of the Uni-
verse evolution. According to this argument, the five-
dimensional scalar field equation of motion on brane
could be read as
φ¨+ 3Hφ˙− ∂yyφ+ V ′(φ) = 0. (30)
To solve above differential equation, one need to assume
an ansantz for ∂yyφ. According to (Bogdanos et al.
2007), we take it as ∂yyφ = −φ¨. Then, the scalar field
is derived as φ˙2/2 = φ0a
−3, where φ0 is constant of in-
tegration; in another word, the bulk energy density on
brane can be expressed by
ρB = lDGPφ0a
−3. (31)
3 Quark-Hadron phase transition in ǫ = +1
Branch of the DGP model
As beginning, we are going to study the ǫ = +1 branch
of the model for quark-hadron phase transition.
3.1 Lattice QCD Phase Transition
One of definite prediction of QCD is the existence of
a phase transition from a quark-gluon plasma phase to
hadron gas phase. The transition could be first, sec-
ond or higher order; or it only can be a crossover with
a rapidly change in some of observable which strongly
depend on the values of quark masses. Todays, there
is two kind of phase transition which is popular among
scientist and seen in papers:1. First order phase transi-
tion, 2. Crossover transition. In this section, we are go-
ing to study phase transition utilizing smooth crossover
approach.
One of the fundamental concepts in particle physics
is QCD phase transition, and incredibly becomes rele-
vant to any study which concern early universe. Re-
cently lattice QCD calculation for two quark flavors
suggest that QCD makes a smooth crossover.
Lattice QCD is a new approach which allows one
to systematically study the non-perturbative regime of
the QCD equation of state. By using supercomputers,
the QCD equation of state was computed on the lattice
(Cheng et al. 2008, 2010) with two light quarks and a
heavier strange quark. In (Cheng et al. 2008, 2010),
the data for energy density ρ(T ), pressure p(T ), trace
anomaly ρ − 3p and entropy s have been formed; and
in the current work, we only use this data. Recent
information on lattice QCD in high temperature could
be found in (Cheng 2007; Endrodi et al. 2007; Miller
2007; Huovinen and Petreczky 2010), which emphasize
that in high temperature, as it was expected, there is
radiation like behavior (equations (33) and (34) in the
main paper).
The trace anomaly can be accurately calculated in
the high temperature region, while in the low temper-
ature region, it is affected by possibly large discretiza-
tion effects. Therefore to construct realistic equation
of state, we could use the lattice data for the trace
anomaly in the high temperature region, T ≥ 250MeV,
and use Hadronic Resonance Gas (HRG) model in the
low temperature region, T ≤ 180MeV. (for more detail
refer to (Karsch et al. 2003a,b)). The HRG result for
trace anomaly can be performed by the simple form as
(Huovinen and Petreczky 2010)
I(T )
T 4
≡ ρ− 3p
T 4
= a1T + a2T
3 + a3T
4 + a4T
10. (32)
In lattice QCD, the calculation of the energy density,
pressure, and entropy density usually proceed through
the calculation of the trace anomaly. Finally the energy
density and pressure could be obtained as
ρ(T ) = 3a0T
4+4a1T
5+2a2T
7+
7a3
4
T 8+
13a4
10
T 14, (33)
p(T ) = a0T
4 + a1T
5 +
a2
3
T 7 +
a3
4
T 8 +
a4
10
T 14. (34)
In the following subsections, we are going to study
phase transition using crossover approach for two main
regime as high temperature regime and low tempera-
ture regime.
3.1.1 High Temperature Regime
As it was mentioned above, in high temperature regime
one can use lattice QCD data for trace anomaly in order
to find realistic equation of state. It is found out that
there is a radiation like behavior and we have a simple
form of equation of state as
ρ(T ) ≃ αT 4, (35)
p(T ) ≃ σT 4, (36)
where α = 14.9702±009997 and σ = 4.99115±004474.
Inserting Eqs. (35) and (36) in conservation equation
6(21), the Hubble parameter and scale factor could be
obtained as
H = − 4α
3(α+ σ)
T˙
T
, a(T ) = cT−
4α
3(α+σ) . (37)
Substituting above relations in Friedmann equation
(29), leads to the differential equation of temperature
T˙ = − 3(α+ σ)T
4α
×
{
2µ4
[
χ (38)
+ǫ
√
χ2 − 1
3µ4
[
µ2ρB +
λ
6
ρ
(
1 +
ρ
2λ
) ]]} 12
,
where displays the behavior of temperature with re-
spect to the cosmic time. The differential equation (38)
is solved numerically and the results have been depicted
in Fig.(1). It could be found out that the phase transi-
tion occur at about 2−2.5 micro-second after big bang.
Transition time depends on the brane tension value in
which larger transition time is obtained for larger val-
ues of brane tension.
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Fig. 1 T versus t according to high temperature region
(for 250 < T < 750 MeV) of the smooth crossover procedure
in the DGP brane gravity including bulk scalar field. The
constant parameters are taken as: λ = 1010MeV4, lDGP =
1011MeV−1, κ5 =
√
2µ2lDGP = 1MeV
−3/2, φ0 = 2 × 10
5
and ǫ = 1.
3.1.2 Low Temperature Regime
In the low temperature regime, the situation is differ-
ent with high temperature regime, so that the trace
anomaly is not a suitable approach to obtain equation
of state because of the fact that it is affected by large
discretization effects. However the HRG is still a good
model to achieve a realistic equation of state as men-
tioned. In the HRG scenario, the confinement phase
of QCD is treated as a non-interacting gas of fermions
and bosons (Karsch et al. 2003a). The idea of the HRG
model is to implicitly account for the strong interaction
in the confinement phase by looking at the hadronic res-
onances only, since these are basically the only relevant
degrees of freedom in that phase. The results of HRG
is parameterized for trace anomaly so that
I(T )
T 4
≡ ρ− 3p
T 4
= a1T + a2T
3 + a3T
4 + a4T
10, (39)
where a1 = 4.654 GeV
−1, a2 = -879 GeV
−3, a3 = 8081
GeV−4, a4 = -7039000 GeV
−10. Through the calcula-
tion of the trace anomaly I(T ) = ρ(T )−3p(T ) in lattice
QCD, the parameters energy density, pressure, entropy
density is estimated using the usual thermodynamics
identities. The difference of pressure at two tempera-
ture is expressed as the integral of trace anomaly which
is described by following relation
p(T )
T 4
− p(Tlow)
T 4low
=
∫ T
Tlow
dT ′
T ′5
I(T ′), (40)
where p(Tlow) could be ignored because of exponential
suppression for sufficiently small value of lower integra-
tion limit. On the other hand, the energy density could
be obtained as ρ(T ) = I(T ) + 3p(T ). Therefore, the
energy density and pressure in this regime is expressed
by
ρ(T ) = 3ηT 4+4a1T
5+2a2T
7+
7a3
4
T 8+
13a4
10
T 14, (41)
p(T ) = ηT 4 + a1T
5 +
a2
3
T 7 +
a3
4
T 8 +
a4
10
T 14, (42)
where a0 = −0.112. Now, let’s consider the behavior of
temperature. In this case we are actually considering
the times before phase transition where the Universe is
in confinement phase and is treated as a non-interacting
gas of fermions and bosons. Using conservation equa-
tion, the Hubble parameter and scale factor can be de-
rived respectively as
H = − 12ηT
3 + 20a1T
4 +A(T )
3
[
4ηT 4 + 5a1T 3 +B(T )
] T˙ , (43)
a(T ) =
cT−1[
60η + 75a1T + 35a2T 3 + 30a3T 4 + 21T 10
]1/3 ,
(44)
where A(T ) = 14a2T
6 + 14a3T
7 + 915 T
13 and B(T ) =
7
3a2T
7+2a3T
8+ 75T
14. Then from the Friedmann equa-
tion (29), the differential equation of temperature could
7be derived as
T˙ = − 3
[
4ηT 4 + 5a1T
3 +B(T )
]
12ηT 3 + 20a1T 4 +A(T )
×
{
2µ4
[
χ (45)
±
√
χ2 − 1
3µ4
[
µ2ρB +
λ
6
ρ
(
1 +
ρ
2λ
) ] ]} 12
,
which expresses the behavior of temperature as a func-
tion of cosmic time. The numerical results of the dif-
ferential equation (45) is depicted in Fig.(2) indicating
that phase transition occurs at about 30 − 35 micro-
second after big bang. This transition time occurs af-
ter transition time related to high temperature regime
which exhibits a consistence result. Transition time in
low temperature regime strongly depends on brane ten-
sion value so that it increases by enhancement of the
brane tension value.
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Fig. 2 T versus t according to low temperature region (for
50 < T < 180 MeV) of the smooth crossover procedure
in the DGP brane gravity including bulk scalar field. The
constant parameters are taken as: λ = 1010MeV4, lDGP =
1011MeV−1, κ5 =
√
2µ2lDGP = 1MeV
−3/2, φ0 = 2 × 10
5
and ǫ = 1.
3.2 First Order Phase Transition
The HRG model in the temperature interval 180MeV <
T < 250MeV is no longer valid, then the study of quark-
hadron phase transition in this temperature interval
should be performed using another formalism. Quark-
hadron phase transition in QCD is characterized by the
singular behavior of partition function, and might be
first or second order phase transition (Borghini et al.
2000). In this section, we are going to pick out first or-
der phase transition formalism and study the behavior
of temperature in DGP brane gravity framework with
bulk scalar field in this temperature interval. Based on
(Borghini et al. 2000), the equation of state for matter
in quark-gluon phase is given by
ρq = 3aqT
4 + U(T ), pq = aqT
4 − U(T ), (46)
where the subscript q indicates the quark-gluon phase
of matter, and the constant aq is given as aq =
61.75(π2/90). U(T ) denotes potential energy density
and is expressed by (Borghini et al. 2000)
U(T ) = B + γTT
2 − αTT 4, (47)
where B is the bag pressure constant, αT = 7π
2/20,
and γT = m
2
s/4. ms indicates the mass of the strange
quark, which is in the 60− 200 MeV range. This form
of U comes from a model in which the quark fields in-
teract with a chiral field formed by the π meson field
together with a scalar field. Results obtained from
low energy hadron spectroscopy, heavy ion collisions,
and from phenomenological fits of light hadron prop-
erties give a value of B1/4 between 100 and 200 MeV
(Risi et al. 2008).
After quark-gluon phase, the matter comes to
hadron phase, then the cosmological fluid can be taken
as an ideal gas of massless pions and nucleons described
by the Maxwell-Boltzmann distribution function with
energy density ρh and pressure ph. The equation of
state for matter in this area of the Universe evolution
is expressed by following simple relations
ph =
1
3
ρh = apiT
4, (48)
where api = 17.25(π
2/90). The critical tempera-
ture Tc is defined by the condition pq(Tc) = ph(Tc)
(Bazavov et al. 2009). Taking ms = B
1/4 = 200 MeV,
the critical temperature is
Tc =
[
γT +
√
γ2T + 4B(aq + αT − api)
2(aq + αT − api)
] 1
2
≈ 125 MeV.
(49)
Since the phase transition is first order, all physical
quantities, such as the energy density, pressure, and
entropy, exhibit discontinuities across the critical curve.
3.2.1 Behavior of Temperature
At first stage of phase transition, we study the behav-
ior of temperature when the matter is in quark-gluon
phase. In this regards, we need a specific form of equa-
tion of state. Substituting Eqs. (46) and (47) in con-
servation equation (21), one can obtain the Hubble pa-
rameter as a function of temperature and its first time
derivative
H = −
[3aq − αT
3aq
+
γT
6aqT 2
] T˙
T
, (50)
8where the general form of potential U(T ) has been
taken. Then, integrating above relation gives scale fac-
tor as
a(T ) = cT
αT−3aq
3aq exp
( γT
12aqT 2
)
. (51)
Therefore, one can easily derive the temperature evo-
lution equation from Eq. (50) in Friedmann equation
(29)
T˙ = − 6aqT
3
[2(3aq − αT )T 2 + γT ] ×
{
2µ4
[
χ (52)
±
√
χ2 − 1
3µ4
[
µ2ρB +
λ
6
ρ
(
1 +
ρ
2λ
) ] ]} 12
Above expression governs on the evolution of tempera-
ture with respect to cosmic time. The differential equa-
tion is solved numerically and the results are plotted in
Fig(3). It could be realized that the quark-gluon phase
is finished at about 2.5− 4.5 micro-second after the big
bang which is in agreement with the results of previous
section. Earlier transition time occurs for higher values
of brane tension value, which expresses dependence of
transition time on brane tension.
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Fig. 3 T versus t in the quark-gluon phase with general
form of potential energy density has been plotted for differ-
ent values brane tension λ as: 1 × 109 (solid line), 5 × 109
(dashed line), 10 × 109 (dotted line), 20 × 109 (dotted-
dashed line). The other constant parameters are taken
as: lDGP = 10
11MeV−1, κ5 =
√
2µ2lDGP = 1MeV
−3/2,
φ0 = 2× 10
5, ǫ = 1 and B1/4 = 200 MeV.
Bag Model
Elastic bag model, which allows quark to move around
freely, is one of popular models dealing with quark con-
finement. In this case, the potential energy density is
a constant, namely U(T ) = B, and equation of state
of quark matter describes by pq = (ρq − 4B)/3. Keep-
ing the assumption that bag model provides the quark
equation of state, the Hubble parameter is derived as
H = − T˙
T
=⇒ a(T ) = c
T
. (53)
Utilizing the Friedmann equation (29) leads to following
relation
T = −T
{
2µ4
[
χ (54)
+ ǫ
√
χ2 − 1
3µ4
[
µ2ρB +
λ
6
ρ
(
1 +
ρ
2λ
)]]} 12
,
which describes time evolution of temperature as a
function of cosmic time. The numerical results of the
differential equation has been plotted in Fig.(4). In
comparison, phase transition in bag model occur later
than general case and quark-gluon phase is finished at
about 3− 5.5 micro-second after the big bang. Depen-
dence on brane tension is clear from Fig.(4) which show
earlier transition for higher values of brane tension.
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Fig. 4 T versus t in the quark-gluon phase with con-
stant potential energy density has been plotted for differ-
ent values brane tension λ as: 1 × 109 (solid line), 5 × 109
(dashed line), 10 × 109 (dotted line), 20 × 109 (dotted-
dashed line). The other constant parameters are taken
as: lDGP = 10
11MeV−1, κ5 =
√
2µ2lDGP = 1MeV
−3/2,
φ0 = 2× 10
5, ǫ = 1 and U(T ) = B = 200 MeV4.
3.2.2 Evolution of hadron Volume Fraction
During phase transition, the matter energy density de-
creases from quark energy density, ρQ, to hadron energy
density, ρH . In this time, pressure, enthalpy and en-
tropy remain conserved, and temperature at T = Tc =
125MeV is conserved as well. For the constant parame-
ters, there are ρQ = 5×109 MeV4, ρH ≈ 1.38×109 MeV
4, and constant pressure pc ≈ 4.6× 108 MeV4. Follow-
ing (Risi et al. 2008; Atazadeh et al. 2012, 2011), the
9parameter ρ(t) could be replaced by volume fraction of
matter in hadron phase, h(t), defined by
ρ = ρHh(t) +
(
1− h(t))ρQ (55)
where ρH and ρQ respectively are energy density of
hadron and quark. The Hubble parameter could be
derived from conservation equation
H = −1
3
(ρH − ρQ)h˙
ρQ + pc + (ρH − ρQ)h = −
1
3
rh˙
1 + rh
(56)
where r = (ρH − ρQ)/(ρQ + pc). Integrating Eq. (56)
gives the scale factor as a function of the hadron volume
fraction
a(t) = a(tc)
[
1 + rh(t)
]−1/3
(57)
where we assumed h(tc) = 0. So, plugging Eq. (56) into
Friedmann equation (29), the time evolution equation
of the matter fraction in the hadronic phase is
h˙ = − 3(1 + rh)
r
×
{
2µ2
[
χ (58)
+ ǫ
√
χ2 − 1
3µ4
[
µ2ρB +
λ
6
ρ
(
1 +
ρ
2λ
) ] ]} 12
.
0 2 4 6 8
0.0
0.2
0.4
0.6
0.8
1.0
t@ΜsD
hH
Τ
L
Fig. 5 Variation of hadron fraction parameter h versus t
has been depicted for different values brane tension λ as:
1× 109 (solid line), 5× 109 (dashed line), 10× 109 (dotted
line), 20×109 (dotted-dashed line). The other constant pa-
rameters are taken as: λ = 1010MeV4, lDGP = 10
11MeV−1,
κ5 =
√
2µ2lDGP = 1MeV
−3/2, φ0 = 2× 10
5 and ǫ = 1.
Numerically evaluated of evolution equation of the
matter fraction has been plotted in Fig.(5). The volume
fraction increases with increasing time and it reach to
its maximum value, h = 1 at about 3− 9 micro-second
after the big bang, which is in agreement with the re-
sults of previous subsection. Dependence of hadron vol-
ume fraction on brane tension is clear from Fig.(5),
0.0 0.2 0.4 0.6 0.8 1.0
0.70
0.75
0.80
0.85
0.90
0.95
1.00
h
a
Hh
L
Fig. 6 The figure displays behavior of scale factor as
a function of hadron volume fraction. We have set λ =
1010MeV4.
which displays a faster evolution for larger value of
brane tension. After that, the Universe comes to a pure
hadronic phase which is discussed in next case.
Evolution of scale factor of the Universe during the
QHPT as a function of the hadron volume fraction is
illustrated in Fig.(6). It is well known that when the
QHPT occurs the density of quark gluon plasma de-
creases but the hadron volume fraction and the scale
factor of the Universe increase.
3.2.3 Evolution of temperature in pure Hadronic Era
At final stage of phase transition, the Universe comes
to a pure hadronic phase, and cosmological fluid is de-
scribed by following equation of state
ρh = 3ph = 3apiT
4 (59)
Using Eq. (21), the Hubble parameter and scale factor
are
H = − T˙
T
=⇒ a(T ) = cTc
T
(60)
and from Friedmann equation (29), differential equa-
tion of temperature is given by
T˙ = −T
{
2µ4
[
χ (61)
+ ǫ
√
χ2 − 1
3µ4
[
µ2ρB +
λ
6
ρ
(
1 +
ρ
2λ
) ] ]} 12
.
The differential equation is solved numerically and the
results are depicted in Fig.(7). The figure indicates that
the hadron phase occurs at about 10− 35 micro-second
after the big bang dependence on the value of brane
tension. Larger value of brane tension comes to faster
temperature rate which is in agreement with the Uni-
verse expansion. The results are in good consistence
with the previous results.
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Fig. 7 Variation of temperature T versus cosmic time t has
been depicted for different values brane tension λ as: 1×109
(solid line), 5×109 (dashed line), 10×109 (dotted line), 20×
109 (dotted-dashed line). The other constant parameters
are taken as: λ = 1010MeV4, lDGP = 10
11MeV−1, κ5 =√
2µ2lDGP = 1MeV
−3/2, φ0 = 2× 10
5 and ǫ = 1.
4 Quark-Hadron Phase Transition in normal
branch of the DGP model
In previous section the problem of phase transition was
investigated by using two formalism, for ǫ = +1 branch
of the DGP model. The case was studied in detail and
the steps was explained clearly. In this section, we are
going to consider the same problem for normal branch
of the DGP model, (ǫ = −1 branch). The process is
same as before, therefore we ignore the detail of work
and go straight to results. Quark-hadron phase transi-
tion is studied by utilizing two formalisms Lattice QCD
and First order phase transition respectively, and the
results are mentioned as following subsections.
4.1 Lattice QCD Phase Transition
Eq.(38) and (46) are solved numerically respectively for
high and low temperature regime, in normal branch of
the model. The results are plotted in Figs. 8 and 9.
Figure 8 is related to high temperature regime, which
shows that the temperature decreases with increasing
time. The phase transition occurs at about 3 − 3.5
micro-second after the big bang. The numerical re-
sults of Eq.(45), related to low temperature regime, are
displayed in Fig.9, which expresses that phase transi-
tion occurs at about 85− 90 micro-second after the big
bang. In comparison with the self-accelerating branch,
(ǫ = +1), phase transition in both high and low tem-
perature regimes in normal branch, (ǫ = −1) occurs at
later times.
4.2 First Order Phase Transition
Quark-hadron phase transition was considered in pre-
vious section by using lattice QCD formalism. we are
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Fig. 8 Variation of temperature T versus cosmic time t for
high temperature regime of the smooth crossover procedure.
The constant parameters are taken as: λ = 1010MeV4,
lDGP = 10
11MeV−1, κ5 =
√
2µ2lDGP = 1MeV
−3/2, φ0 =
2× 105 and ǫ = −1.
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Fig. 9 Variation of temperature T versus cosmic time t for
low temperature regime of the smooth crossover procedure
in the DGP brane gravity including bulk scalar field. The
constant parameters are taken as: λ = 1010MeV4, lDGP =
1011MeV−1, κ5 =
√
2µ2lDGP = 1MeV
−3/2, φ0 = 2 × 10
5
and ǫ = −1.
going to consider the problem of phase transition in
normal branch of the model by using first-order for-
malism. In this formalism, phase transition is studied
in three step as: before, during and after phase transi-
tion. In the following, the results of three steps will be
discussed.
As first step, we consider behavior of tempera-
ture before phase transition. The numerical results of
Eqs.(52) and (54) in normal branch have been depicted
respectively in Figs.10 and 11. It is realized that tem-
perature is decreasing with increasing time. For general
case of potential, the quark-gluon phase is finished at
about 5 micro-second after big bang, Fig.10, and it fin-
ished at about 6 micro-second after big bang for bag
model Fig.11. Therefore, one could realize that, accord-
ing to bag model, phase of quark-gluon is finished later.
When quark-gluon is finished, the Universe comes to
a phase which the energy density is a mixture of quark
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Fig. 10 Behavior of temperature T versus cosmic time t
for general model. The constant parameters are taken as:
λ = 1010MeV4, lDGP = 10
11MeV−1, κ5 =
√
2µ2lDGP =
1MeV−3/2, φ0 = 2× 10
5, and ǫ = −1.
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Fig. 11 Behavior of temperature T versus cosmic time
t for bag model. The constant parameters are taken as:
λ = 1010MeV4, lDGP = 10
11MeV−1, κ5 =
√
2µ2lDGP =
1MeV−3/2, φ0 = 2× 10
5 U(T ) = B and ǫ = −1.
and hadron. Temperature and some other parameters
stay constant in this era, and variation of energy den-
sities could be described by volume fraction parameter
h. The corresponding differential equation is explained
by Eq.(58), and the numerical results for ǫ = −1 are
plotted in Fig.12. Volume fraction parameter increases
with increasing time, and gets to its maximum value at
about 12 micro-second after the big bang.
After the volume fraction reaches the maximum
value, h = 1, the Universe enters a pure hadronic phase.
Temperature decreases again, and its behavior is de-
scribed by differential equation (61). The differential
equation is solved numerically, and the results are plot-
ted in Fig.13. It shows that, hadron phase occurs at
about 60 micro-second after the big bang.
All of obtained results about phase transition in three
steps are in good agreement with each other.
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Fig. 12 Variation of hadron fraction parameter h versus
cosmic time t using first order formalism. The constant pa-
rameters are taken as: λ = 1010MeV4, lDGP = 10
11MeV−1,
κ5 =
√
2µ2lDGP = 1MeV
−3/2, φ0 = 2× 10
5 and ǫ = −1.
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Fig. 13 Pure hadronic temperature behavior versus cosmic
time in the DGP brane gravity including bulk scalar field
by using first order formalism. The constant parameters
are taken as: λ = 1010MeV4, lDGP = 10
11MeV−1, κ5 =√
2µ2lDGP = 1MeV
−3/2, φ0 = 2× 10
5 and ǫ = −1.
5 Discussion and Conclusion
The main purpose of this paper was investigation of
quark-hadron phase transition problem in DGP brane-
world framework including bulk scalar field, for both
normal, (ǫ = +1) and self-accelerating (ǫ = −1)
branches. Evolution of physical quantities relevant to
physical description of the early times such as energy
density, scale factor, and temperature, were considered
during this study. After deriving the basic evolution
equations, work has been done in two main sections,
and the problem of phase transition was investigated
using two popular approaches known as: 1. smooth
crossover formalism and 2. first order phase transition
formalism. At first, we went to the self-accelerating
branch and smooth crossover approach has been se-
lected for studying phase transition. This case was
divided to two parts related to high and low tempera-
ture regimes. In high temperature regime, lattice QCD
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data for estimating trace anomaly was used to construct
a realistic equation of state. As it was expected, cosmo-
logical fluid behaves like radiation in high temperature
regime, and follow a simple form of equation of state.
In this regime, phase transition occurs at about 2− 2.5
micro-second after the big bang. On the other hand, the
trace anomaly is affected by large discretization effect
in low temperature regime, therefore it is not a good
model to construct an appropriate equation of state.
However, Hadronic Resonance Gas (HRG) is a well-
known to build a suitable equation of state in low tem-
perature regime. The temperature differential equation
was solved numerically and the results expressed a tran-
sition time at about 30− 35 micro-second after the big
bang. General behavior of temperature is same for both
regimes which decreases with increasing time and the
Universe expansion. Phase transition depends on brane
tension value, specially in low temperature regime, so
that by enhancement of brane tension, phase transition
occurs earlier. For normal branch, (ǫ = −1), the same
process was repeated. The obtained numerical results
were plotted and it was realized that, phase transition
in high and low temperature regimes occurs at about
3−3.5 and 85−90 micro-second after big bang, respec-
tively. Therefore, there is a later transition time than
self-accelerating branch.
The results of this case could be compare with (Atazadeh et al.
2011; Saaidi et al. 2012). In (Atazadeh et al. 2011), the
authors investigated the problem in RS brane-world
model including a Brans-Dicke scalar field. They found
out a transition time at about few microsecond after
the big bang for both regimes. In (Saaidi et al. 2012),
the authors studied the phase transition in RS brane-
world including a bulk chameleon like scalar field. This
model provided a non-conservation equation of state
and their results expressed a phase transition at about
nano-second after the big band. However in our case,
phase transition occurs at about micro-second after the
big bang and displays later transition time in compar-
ison to (Atazadeh et al. 2011) for both high and low
temperature regimes.
In first order phase transition approach the tempera-
ture evolution was investigated in three steps: 1. before
phase transition (quark-gluon phase); 2. during phase
transition; 3. after phase transition (Hadron phase).
Differential equations for temperature were solved nu-
merically and the results depicted for both branches.
The Universe effective temperature decreased with in-
creasing time. Quark-gluon phase took place at about
2.5 − 4.5 micro-second (5 micro-second) after the big
bang for ǫ = +1 (ǫ = −1) branch. Phase transition
for ǫ = +1 (ǫ = −1) branch, took place at bout 3 − 9
microsecond (12 micro-second) after the big bang. Fi-
nally, the Universe describing by ǫ = +1 (ǫ = −1)
branch came to a hadronic phase at about 10 − 35
micro-second (60 micro-second) after the big bang. The
acquired results in this case are in agreement with the
results of previous section, and generally a consistence
results were obtained during the study. Again, tran-
sition time in normal branch occurs later than self-
accelerating branch.
In this case, our results could be compared with
(Risi et al. 2008). In (Risi et al. 2008) the authors
consider the problem of phase transition using a RS
brane-world framework. They consider the problem
for different values of brane tension, and their results
show a phase transition at about micro-second after
the big bang. In our model, phase transition occurs
at about micro-second, however later than (Risi et al.
2008). The transition time in our model was obtained
for different values of brane tension and in contrast
with (Risi et al. 2008) we derived later transition time
for larger value of brane tension.
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